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Xiaodong Hu*
Department of Physics, Boston College
(Dated: November 19, 2019)

In this note the recent new approach of Kapustin [1] is applied to calculate the transport thermal
Hall coefficient of magnon with pairing Hamiltonian. The result is consistent with the previous
result of [2].
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I. THERMAL HALL EFFECT OF MAGNON
A. On-site Quadratic Hamiltonian

A general quadratic bosonic Hamiltonian with N degree of freedom (both sublattice and orbital degree of freedom)
per unit cell takes the form of

1
[ 1 T T T
H= 5 E bl Annb, +b] By,bl, +b,Cnnby, + by, Dy b))

{m,n}€lattice
1 - A B b
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where A, B,C, D are complex coefficient N by N matrix and b, is a N-tuple vector on site m (we explicitly
keep the site label to avoid the ambiguity). Hermicity of Hamiltonian H = H requires

Alm = A, Dj,m =D,,, B:gm = Chm-

C.C.R. of bosonic field operators [(by)i, (b});] = 6ij6mn and [(bm)i, (by);] = 0 relates the term bf, A,,,b, with
memanL7 giving A,,, = D}, , where i,j are sublattice or orbital labels (do not mix them with the site label!).

mn?

Ditto for the second and third terms in Hamiltonian so that B,,, = BZ . So Hamiltonian (1) becomes

1 Amn an bTL ]'
v (A ) () e,
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where 2N-tuple vector 4, is introduced.
The on-site Hamiltonian #, s.t. # = )_,. H, should be Hermitian as well, so we can make a symmetric choice! of
the form that

1
= 1 D VhH e + 0} Ho 1. (3)
7,/
because
t
L Ar'r" B, — Aprr Byr = ,
H'r'r" B < Bl'r" (Air’)* > B < B;r'r’ A:’r N HT " (4)

Another useful identity is that

_ 1 Ayt Bppr 1 A*/BT, AT B, A'r'r B,/ T_
Tl = (1 )(BETT AEL) (1 )Z (BIZ e )=\ 8L al, ) =B, al) =t

(5)
We are interested in translate-invaraint system (to define bands) H,,» = Hg, so the above properties can be
reexpressed as
Hg =H_;, (6)
and
0'1H50'1 :st (7)
B. Energy Current
By [1, 3] the energy current on lattice is defined as 1-chain
JE = —ilMo ) = —ﬁ Sl Habe UL Hoba b} b+ o Han) ®)
Taking Z[leachc, z/JgHbdwd] as an example
cd
ZZ dﬂ ac 2] wc)]a (wb) (Hbd)kf(wd)é]
cd ijke
= ZZ{ )i(Hac)is[(¥e) 5 (¢ )il (Hya) ke (a)e + (wT) (Hac)ij (d’b) (Hea)rel(¥e)j5 ()]
cd ijkl
+ (00 s (Hoa ke (01)i, (Va)e (Hae)ij () + (), <¢Z>k](Hbdm)(wd)e(ffac)ij<wc>j}
= ZZ{ )i(Hae)i (03) ik (Hpa) ke (¥a) e0pe + 1 (05) (Hae )i (07 1 (Hoa) ke (02) jedca
cd ijke
— (YD) k(Hoa)ke(03)ie(Hae)ij (V) j0ad — 1(02)ik (Hya) ke ($a) e (Hae)ij (V) j0ab } O+@+B)+®,
where in the last line we utilize the C.C.R. of 2-N tuple vector
[(%) ( )]] ( )z ab (9a)
[(%) W’b)]] Z(02)1 dab, (9b)

1 Actually it is the ambiguity on the choice of H that gives rise to operator modification and then magnetization.



[(Wh)i, (¥]);] = —i(02) ;0 (9¢)

Using oy = 10103 = —i0301, 010, = w; and Ulwl = 1,, we have
@ = Z leacU?)Hbdwd(sac;
ad

and

@ = Z Z i(V1)i(Hae)ij (—1)(03) jm (01 me(Hpa) ke (1) kn (V6 ) nded

cd ijkémn

= Z Z ZZJT Hye U(03)jm(01)m€(Hbd)€k(O'l)kn(wb)n cd
cd ijkémn

- Z Z ,llij a(' 1] U3)jm(Hdb)mn(¢b (‘d == Zdj HacU3Hdb1/}b cd)
cd igmn

where in the second line we use (7). Similarly
@ =— Z U} Hyaos Hacthebaa,
cd

and

D=3 3" —i(o8)im(@0)mr(Hoa)re(01)en(®))n(Hae)ij (Ye) 0a

cd ijkémn
- _Z Z (73)im Hdb m"(wd) (Hac)ij(¥e);6
cd ijmn
- _Z Z wd (Hav)nm (03)mi(Hac)ij (¥c) j6ab Z'I/JTHdbU:sHacZ/JC b
cd ijmn

The other three terms in (8) can be immediately obtained by cyclying the labels of sites. Since energy current only
possess anti-symmtric components, all terms containing d,; is gone in Jﬁ). Thus we have

Jh ; Z{w Hapos Hyothe + 9} Hacos Hoyth, — ] Hya0s Hacthe

c

+ Yl Hea0s Hapthy — ) Hocos Heatha — wich(szbawa}. (10)
When evaluating with an arbitary 1-cochain ¢ f,
B(Gf) =2 Z TE(fu— 1) = Z0 (P HosH — HosH)f = J0[f, HosHy, (11)
where we omit the summation over spatial labels. This result is half of the free fermionic case in [1], as expected.

C. Bogoliubov Transformation

For translate-invariant system, let us writing the fields operator in momentum representation, i.e.,

= Tzek "by, I = Zeik "D,

ﬁ\

then the original Hamiltonian (2) becomes

H=> (b by Hk<bb"c ) (12)
k



where Hy, =, Hse'™®?. As is shown in [4], Hy,

or in component

and

wh

can diagonalized by a paraunitary matriz® Ty, such that

b o >
=1T; ,
(b]L—k) k<7T—k

Uk

N
P = Z < Tk: z nVk,n (Tk)i,NJrn’er_k_’N_A,_n)v (13)
n=1
Tk al 1
H=> (2 7« (J ) => D cuk (vlmnk + 2) , (14)
k —k k n=1
ere the N bands energy
€1k
ENEK
Ex = T Hy Ty, =
k ek lk 1k
EN,—k
D. Kubo Part
Kubo part of thermal Hall coefficient is given by Kubo pair of energy current [5]
Facaa(ar ) 1= 82 [ dtem O (TP (B0, )7 (60), (15)
0
where
1 (B
((TE(8a, t); TE(67))) = ?/ dr(e™™TE (ba, t)e™THIE (6y)) — (JF (de, 1)) (TF (67))
0
1 [P ) )
_ ?\/ dT<6TH€ZHtJE(5Q)671Ht67THJE(5’)/»
(16)

—1
— dT<JE(5a, t—ir)JE(6v)),
0
the second term in the first line is ignored due to energy current version of Bloch theorem [6, 7]. Inserting energy-

), there are two kinds of connnected contractions, i.e.,

t— iT)dan (A“/)mnwnq >

current in (11

(JE (b, t —iT) JE(57)) =16 Z Z <¢ (t —i7)(Aa)ij¥ip(
( (8 = 7)) (ke (8 = 7)) + (Dl (t = i) 0hr) (a8 — Z'T)%Tnk))

T > (¢

k ijmn

2 Paraunitarity means
T,IO’3Tk =03, ’._[1]‘,0':’,’11,1L =03,



X (Aa)ij(Ay)mns (17)

where A, = [a, Hyo3H]. Thermal average of the occupation number of diagonal basis in (14) gives

<7jlk7mk> = §mng(5mk)a <"Ynk:'7jnk> = *5mn(]— - g(emk)) = *5m,ng(75mk)a
then from (13)

N
<w;rk(t T)jk) Z Z (g(smk)(Tli)m,i(Tk)j,melgm’c(tﬂ‘r) - g(*5m7—k)(Tli)m-&-N,i(Tk)j,m+N€ﬂEm’_k(t7”)) )
k

(i (t — Z
k

It can be easily shown that the other two contractions <1p;[k(t - iT)z/);k> and (Y (t — i7)1)jk) have exactly the same
result. So the above current-current correlation (17) consists of four parts

Il
-

Mz

( (—€mte) (Ti)i,m (T3) jume € t=iT) 4 g(Em,—k)(Tk)z‘,m+N(Tg)m+N7j€iam’_k(t_iT)) :

3
Il

(JP(6a,t —iT)TP(57)) Z Z { (mie) (Bak)m.ng(—€nke) (Byk Jnm e =) 0717

kE mmn=1

- g(Emk)(Bak)m,nJrNg(En,fk)Bn+N,mei(Em’c+E”ﬁk)(t_iT)

- g(_Em,fk')(Bak)erN,ng(_En,k)BnmwNe_i(Em’7’e+6n’7k)(t_”)

+ 9(_5m,fk)(Bak)m+N,n+N9(5nﬁk)Bn+N,m+Ne_i(am’7k_En’ik)(t_”) }’ (18)

where By = T,IAaTk. Substituting (18) back to (15) and integrate over temperature 5 and time ¢, we get (after
some rearrangement)

9(Emk) — 9(enk) 9(Emr) — 9(—€n,—k)
u 0 a mn nm~- ,_ _ N9 Ba m,n B n m .
k@) = 55 3 ek (B LI (), S =9

somos)—slen)),

(Em,—k: - E71,—]4:)2

k mmn=1

9(—em,—k) — g(enk)
(5m,—k: + 5nk:)2

- (Bak:)m+N,n(B'yk>n7m+N + (Bak)m+N,n+N<B’yk)n+N,m+N

(19)
Minus signs in (19) can be absorbed by insertion of 3. Finally we come to the neat expression
(O-Sgk)mm - g(a3gk)nn
HKubo (6% ’Y 03 mm ak mn(U?))nn(B'yk) 5
B zk: n;l ((US(g)k)mm - (USgk)nn)
i 1 1
= —ﬁ/dzg(z)Tr {5(2 - Ugg)ggBamOgB»y - WOBBQ(S(Z — 0'35)0'337}
—B
= Tor dz g(2)Tr< (G4 — G_)03B,G3 03B, — (G — G_)03B,G* 03B, ¢, (20)
where the trace Tr runs over both momentum and N-subband or orbital degree of freedom, Green function
1
G =
+(2) z2—0& +id’

and we use the representation of Dirac delta function

1 1
i
55%(,205’“5 i—ob —id

) —2mib(2 — 036).

Note that although we start from the specific form of two-body operator A, = [« Hka;ng] the above derivation
has nothing to do with that. So generally for arbitary equal-time two-body operators 0, = YT Ay and Oy = T By
(of course with the requirement of Bloch theorem), we have similar results of (20) that

i t 9(038k)mm — 9(036k)nn
<<¢ A¢ (0 ij B Z Z 03 mm Ak:)mn(UB)nn(Bk:)nm (O-ng)mm — (0'3(9@]@)7—”1

k mn=1



= _?2 /dzg(z)Tr {5(2’ — 03&)03A 03B —

P 035—203A5(2_03£)U3B}

= Lﬂ /dzg(z)Tr{(G+ — G_)o3AG 03B + G_0o3A(G4 — G)O’gé}
i

= LIB /dZ g(z)Tr{G+03gG+03§ - GUgﬁGO’gE}, (21)
™

where again A=TMAT.

Paraunitary matrix T is annoying here, but fortunately we can absorb them through the identity

T, ' flosHy)Ti = f(036%) (22)
so that for example

~ ~ 1 1
= Tr!{ ——— o3(TI AT ———— o3 (T By T
Tr{G+03AG+03B} ; r{z—agéa—i-iéag( Kk k)Z—O'3éo+’L'(503( Kk k)}

1 1
ST (T T | os(Tf ARTR) ( Ty ————— T | o(T} BT
Zk: r{<k z—osHp + 10 k>03(’“ ’“’“)<k 2 — o3 Hy, + i6 k>03(k k1)

1 1
= T A Ap .
Zk: r{z—ang—I—z'éUs kz—ong—&—Mag k}

Therefore (20) and (21) can be written as

KJKubO(O‘v 7) = % /ng(Z)TI‘{(g+ - g—)[a’ hZ]g—Qi- [75 h2] - (g-‘r - g—)[’Yv h2]gz [av h2]}7 (23)

(T Anp, T Bap)) = 15 /dzg( )Tr{g+03AQ+UgB - Q_03AQ_033}, (24)

where h = o3H, and Gy = 1/(z — o3H £ i9).

E. Energy Magnetization

Energy Magnetization has a canonical definition as a 1-form valued 2-chain [1, 3] such that

Hogr = =BUAH,, J30)) = BUAH,, J55)) — BU{dH,, T13))- (25)
After evaluation on 2-cochain we can separate 1 (5a U dv) into two parts
((50& U 5’}/ 3' Z Hpgr - da U 67(27, q,T )
par
_ 1 g1
=3 Fopgr * 30 00pg0Ygr — 00y 0Yrg — 00qp0Ypr + 00grdYrp + 00p0Ypg — 00 q07Ygp
par
1
=3 Z [ (ap(wqr + agbrp + aT(S’yrp> = Z ( (dHp; J5)) + cycle) (ap&yqr + cycle)
par par
Z ( (dHy, qu + cycle) (ap0ygr + cycle)
par
_ 5 Hyap; Y JES 1 —p Hy; JE)) (6 s 1
19 Z po‘znz qr97qr +cycle | + 12 Z ((Hp; qr>>(ap Yrp + Qr07pg) + cycle
P qr par

= ‘75 (<<dH<a>; TP(67)) = (@ 7)) + %ﬁ <Z<<dev TN + cycle> = PART, + PART.

par

(26)



For the first part, using (22) we immediately have

(@ (@), 756) = ({ G0 + dHa)s: o' Hoato ) )

-1
-y / dz () Trd G ol dHy + dHra)Go o5y, HeoHy] — (G4 <> G) b (27)
1673 =
Using the identity that
1 1
GilosH, flG+ = m(UBHf —fHo3)——7 s

z 1 1 z
-1 1—-— | =
( +zagH:I:icS)fzJgH:ti5+zogH:ti(5f( zogH:I:icS) (G- 11,
then

Gio3adHG, = <ag+ + GilosH, a]g+> o3dHG,,
GiosdHaG, =Gro3dH (Q+o¢ —GylosH, a]g+),
and for example

Tr{g+03(a dHy, + dHia)G 03]y, Hio Hy) }

= Tr{g+03 dHpG (US[V,HkU:sHk]Oé + 03[y, Hros Hg]Gy [03 Hy, o] + aos|y, Hyoz Hy| — [03Hk, ]Gy o3[, HkUSHk]) }
Therefore

1
PART, = 390 dzg(z)Tr{g+Jg dHiG+ <03['y, HyosHgla + o3|y, HeosHg|Gy [03H, o] + aos|y, Hyos Hg)

o3y, 0l 03], HyosHi] — (o ¢ w) (Gs g_>}

1
= 35 dZQ(Z)Tr{g+03 dHpG+ <U3[a7 HyposHy |G [y, 03Hy] — o3y, Heos H )Gy (o, 03 Hy

+ [, 03 Hg]G 03[y, Heos He] — [v, 03 He]G o3[ar, Heoz Hy) + Pk) — (G4 & g)}7 (28)

where
Ty = o3[y, HrosHg|a + osaly, HyosHg| — os|a, HxosHgly — o3vy[a, Heos H). (29)
For the second part, using the on-site current .J f; in (8), we know

—1

Z Jf;,oca% = —%Mf (ozHagvH +aHosHy — yHosaH + HaosHy — yHosHo — H*yag,Hoz)z/) = §¢T03A¢, (30)
ab

where we explicitly extract oz in definition of A for further simplification. Thus

PART; = %8 <<Z dH,; Z Jzﬁab%>> + cycle = _7/8 <<;1ﬂ dHvY; ?¢T03A¢>>
a be

_ 3;7T/dzg(z)Tr{g+ag AHGA — (G © g_)}. (31)

Because neither 0-cochain «,y contains a momentum label or sublattice (or orbital d.o.f.) label, they must commutes
with o3. Thus we can re-express I' and A in a more suggestive form:

I'= [’77 hQ]a + O‘[’Yv hQ] - [Oé, hQ]’y - 7[0‘7 h2]7 (32)



A = ahyh 4+ ah®y — yhah + hahy — yvh*a — hyha, (33)

where again h = o3H. Thus in combination of (28) and (31), energy magnetization is

1
pGa ) = o [ dzgTe{Gr amGe (T + 8) + 12,104 haa 2] + G 112

S N R S hi]) Gy g_>}

~ 32r

121G T 0] — [ 110+ Lo hi]) Gy & .cz_>}. (34)

dzg(z)Tr{g+ dhG, (Hhk, o, s Y1 + 112 016 s ] + [y ]G [, 2]

F. Transport Thermal Hall Coefficient

Kapustin discussed the appropriate definition on the topological invariant thermal Hall transport coefficient. He
claimed that the transport thermal Hall coefficient, given by temperature integral of 1-form

d ([ Fu(e9) d [ kkubo(a,7) 2
ar (tT =97 % — FTE(cSa U o), (35)
where 2-chain 7F = — E(de — H,), is topological only in the sense of path independence of the integral

over parameter space. In other words, one can only tell the relative thermal Hall coefficient to some specific
temperature.

After cancellation of many term on the RHS? of (35), we are left with (we are interested in finite-temperature
thermal Hall coefficient relative to infinite temperature (assuming vanishing))

/°° d <W) = /DO dTr 47r1T3 /dzg'(z)z?’Tr{[h,a]gi[h,v]z3(g+ —G_) = [M G2 [R,A](Gy — g)}

To To

ug(z)
- % dz (/ u2%g(u) du) X Tr{[h,a]gi[hﬁ](g+ —G_) = [h G2 [, (Gy — g)},

o0

(36)
where we use the identity

d () —e#/T T d ()
—9(2) = = —— 9%
az? T(ex/T —1)2 2 ar’

and change integral variable from 7" to u = % so that

* 1 4 —1 () g
g dT = — 2= g(u)d
/TO T3 dzg(Z) e ug(U) u

— 2L (") — 2aIn(1 — ") 4 =

—1 |: euo(z)az

27?2
elo (Z) —1

= (catoten-T).

>3
Thus the left work is to simplify the trace

2

@z (alo(2) - 5 ) x Te{0.al2 )Gy - 6) ~ 1l )G -G}, (6T

< -1

’V‘:tr(aa 7)
T

T, 2

3 See my notes for more caluculation details



where explicitly

Tr{ -}

—27TiZTI‘{5(Z — Ug.H)O'g,vkagiUng,Y - 5(2’ - JgH)O’ngWQQO'ngQ}

2N
—274 Z Z 6(2 - (U3g)mm) { (0'3)mm(TkTVka Tk)mn(Gi)nn(U?))nn (T;kaTk)nn

k. mn

- (0'3)mm(T]:r,vkaY Tk)mn(GQ_)nn (0'3)7m(T]IVka Tk)nn } . (38)

Only off-diagonal element of operator (T, ,IVk ;Tk) contrbute to the asymmetric transport thermal Hall coefficient. So
it can be simplified as following: Because & is diagonal,

(T4 Vi, T ) = {3@& (Or, Ty) HiTie — T, Hk(akak)} {(3kf D HiTw + T, Hk(akak)}

mn

Paraunitarity condition tells us

TIIU3Tk =03 = {gka? - 7Ui(T£)71(akagl)Ung’
k; T = —T303(0k,; Tr)T), " 03.
And using the fact that
03Hios = TrosT) HyTosT) = TeosérosT) = TuéiT),
one immediately obtains

(@168 ~ (a6 ((aka,Dang)mn,

(Tlika Tk)mn = (39)

(@560 = (03680 (Thes(01,70))

Inserting (39) back into (38) and (37) and performing the integral of Dirac delta function (note that the square of
((036k)mm — (036K )nn) cancel exactly either Gi or G?), we finally get

2

0— mr Fer (@, 7) sz:;; (02 (038 mm)) — 7;) X {(O’g)mn <(8k )ang>mn(a3)nn (T,Zag(akwTk)>nm —(a+ 'y)}
— ZZ (cz (Emk)) — 3) Tr{Fmagg?aggﬁ —(a v)} =- ;i <02(g(5mk)) - 7;;) Qnkes
(40)

which is unsurprisingly the same as the result in [2]. In the last line we recognize the integral of the trace part as
Berry curvature of the magnon mth-bands by introducing the projection operator

Pm = FmTko‘ngUg,

so that by [8]
m=— [ TrdPndP, AdP, ;. 41
¢ 27 r{ } (41)

where T, is a diagonal matrix taking +1 for the mth diagonal component and zero otherwise [9].

II. APPLICATION TO TOPOLOGICAL SUPERCONDUCTORS?
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