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In this note the recent new approach of Kapustin [1] is applied to calculate the transport thermal
Hall coefficient of magnon with pairing Hamiltonian. The result is consistent with the previous
result of [2].
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I. THERMAL HALL EFFECT OF MAGNON

A. On-site Quadratic Hamiltonian

A general quadratic bosonic Hamiltonian with N degree of freedom (both sublattice and orbital degree of freedom)
per unit cell takes the form of

H =
1

2

∑
{m,n}∈lattice

b†mAmnbn + b†mBmnb
†
n + bmCmnbn + bmDmnb

†
n

=
1

2

∑
{m,n}∈lattice

(
b†m bn

)( Amn Bmn

Cmn Dmn

)(
bn
b†n

)
(1)

where A,B,C,D are complex coefficient N by N matrix and bm is a N-tuple vector on site m (we explicitly
keep the site label to avoid the ambiguity). Hermicity of Hamiltonian H† ≡ H requires

A†
mn ≡ Anm, D†

mn ≡Dnm, B†
mn ≡ Cnm.

C.C.R. of bosonic field operators [(bm)i, (b
†
n)j ] ≡ δijδmn and [(bm)i, (bn)j ] ≡ 0 relates the term b†mAmnbn with

bmDmnb
†
n, giving Amn ≡ D∗

mn, where i, j are sublattice or orbital labels (do not mix them with the site label!).
Ditto for the second and third terms in Hamiltonian so that Bmn = BT

nm. So Hamiltonian (1) becomes

H =
1

2

∑
{m,n}∈lattice

(
b†m bn

)( Amn Bmn

B†
nm A∗

mn

)(
bn
b†n

)
=:

1

2

∑
mn

ψ†
mHmnψn, (2)
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where 2N -tuple vector ψn is introduced.
The on-site Hamiltonian Hr s.t. H ≡

∑
r Hr should be Hermitian as well, so we can make a symmetric choice1 of

the form that

Hr =
1

4

∑
r′

ψ†
rHr,r′ψr′ + ψ†

r′Hr′,rψr. (3)

because

H†
rr′ ≡

(
A†

rr′ Br′r

B†
rr′ (A†

rr′)∗

)
=

(
Ar′r Br′r

B†
rr′ A∗

r′r

)
≡ Hr′r. (4)

Another useful identity is that

σ1Hrr′σ1 ≡
(

1
1

)(
Arr′ Brr′

B†
r′r A∗

rr′

)(
1

1

)
=

(
A∗

rr′ B
†
r′r

Brr′ Arr′

)
=

(
AT

r′r Br′r

BT
r′r A†

r′r

)
=

(
Ar′r Br′r

B∗
rr′ A∗

r′r

)T

≡ HT
r′r.

(5)
We are interested in translate-invaraint system (to define bands) Hrr′ ≡ Hδ, so the above properties can be

reexpressed as

H†
δ ≡ H−δ, (6)

and

σ1Hδσ1 = HT
−δ. (7)

B. Energy Current

By [1, 3] the energy current on lattice is defined as 1-chain

JE
ab ≡ −i[Ha,Hb] ≡ − i

16

∑
cd

[ψ†
aHacψc + ψ†

cHcaψa, ψ
†
bHbdψd + ψ†

dHdbψb]. (8)

Taking
∑
cd

[ψ†
aHacψc, ψ

†
bHbdψd] as an example

∑
cd

∑
ijkℓ

[(ψ†
a)i(Hac)ij(ψc)j, (ψ

†
b)k(Hbd)kℓ(ψd)ℓ]

=
∑
cd

∑
ijkℓ

{
(ψ†

a)i(Hac)ij [(ψc)j , (ψ
†)k](Hbd)kℓ(ψd)ℓ + (ψ†

a)i(Hac)ij(ψ
†
b)k(Hbd)kℓ[(ψc)j , (ψd)ℓ]

+ (ψ†
b)k(Hbd)kℓ[(ψ

†
a)i, (ψd)ℓ](Hac)ij(ψc)j + [(ψ†

a)i, (ψ
†
b)k](Hbd)kℓ)(ψd)ℓ(Hac)ij(ψc)j

}
=
∑
cd

∑
ijkℓ

{
(ψ†

a)i(Hac)ij(σ3)jk(Hbd)kℓ(ψd)ℓδbc + i(ψ†
a)(Hac)ij(ψ

†
b)k(Hbd)kℓ(σ2)jℓδcd

− (ψ†
b)k(Hbd)kℓ(σ3)iℓ(Hac)ij(ψc)jδad − i(σ2)ik(Hbd)kℓ(ψd)ℓ(Hac)ij(ψc)jδab

}
≡ 1 + 2 + 3 + 4 ,

where in the last line we utilize the C.C.R. of 2-N tuple vector ψ

[(ψa)i, (ψ
†
b)j ] = (σ3)ijδab, (9a)

[(ψa)i, (ψb)j ] = i(σ2)ijδab, (9b)

1 Actually it is the ambiguity on the choice of H that gives rise to operator modification and then magnetization.
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[(ψ†
a)i, (ψ

†
b)j ] = −i(σ2)ijδab. (9c)

Using σ2 ≡ iσ1σ3 ≡ −iσ3σ1, σ1ψa ≡ ψ†
a and σ1ψ

†
a ≡ ψa, we have

1 =
∑
ad

ψ†
aHacσ3Hbdψdδac,

and

2 =
∑
cd

∑
ijkℓmn

i(ψ†
a)i(Hac)ij(−i)(σ3)jm(σ1)mℓ(Hbd)kℓ(σ1)kn(ψb)nδcd

=
∑
cd

∑
ijkℓmn

(ψ†
a)i(Hac)ij(σ3)jm(σ1)mℓ(H

T
bd)ℓk(σ1)kn(ψb)nδcd

=
∑
cd

∑
ijmn

(ψ†
a)i(Hac)ij(σ3)jm(Hdb)mn(ψb)nδcd ≡

∑
cd

ψ†
aHacσ3Hdbψbδcd,

where in the second line we use (7). Similarly

3 = −
∑
cd

ψ†
bHbdσ3Hacψcδad,

and

4 =
∑
cd

∑
ijkℓmn

−i(σ3)im(σ1)mk(Hbd)kℓ(σ1)ℓn(ψ
†
d)n(Hac)ij(ψc)jδab

= −
∑
cd

∑
ijmn

(σ3)im(HT
db)mn(ψ

†
d)n(Hac)ij(ψc)jδab

= −
∑
cd

∑
ijmn

(ψ†
d)m(Hdb)nm(σ3)mi(Hac)ij(ψc)jδab ≡ −

∑
cd

ψ†
cHdbσ3Hacψcδab.

The other three terms in (8) can be immediately obtained by cyclying the labels of sites. Since energy current only
possess anti-symmtric components, all terms containing δab is gone in JE

ab. Thus we have

JE
ab =

−i
8

∑
c

{
ψ†
aHabσ3Hbcψc + ψ†

aHacσ3Hcbψb − ψ†
bHbaσ3Hacψc

+ ψ†
cHcaσ3Habψb − ψ†

bHbcσ3Hcaψa − ψ†
cHcbσ3Hbaψa

}
. (10)

When evaluating with an arbitary 1-cochain δf ,

JE(δf) ≡ 1

2

∑
ab

JE
ab(fa − fb) =

−i
4
ψ†(fHσ3H −Hσ3H)f =

−i
4
ψ†[f,Hσ3H]ψ, (11)

where we omit the summation over spatial labels. This result is half of the free fermionic case in [1], as expected.

C. Bogoliubov Transformation

For translate-invariant system, let us writing the fields operator in momentum representation, i.e.,

br ≡ 1√
N

∑
k

ek·rbk, b†r ≡ 1√
N

∑
k

e−k·rbk,

then the original Hamiltonian (2) becomes

H =
∑
k

(
b†k b−k

)
Hk

(
bk
b†−k

)
, (12)
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where Hk ≡
∑

kHδe
ik·δ. As is shown in [4], Hk can diagonalized by a paraunitary matrix2 Tk such that

ψk ≡
(

bk
b†−k

)
≡ Tk

(
γk
γ†−k

)
,

or in component

(ψk)i ≡
N∑

n=1

(
(Tk)i,nγk,n + (Tk)i,N+nγ

†
−k,N+n

)
, (13)

and

H =
∑
k

(
γ†k γ−k

)
Ek
(

γk
γ†−k

)
≡
∑
k

N∑
n=1

εnk

(
γ†nkγnk +

1

2

)
, (14)

where the N bands energy

Ek ≡ T †
kHkTk ≡



ε1k
. . .

εNk

ε1,−k

. . .
εN,−k


.

D. Kubo Part

Kubo part of thermal Hall coefficient is given by Kubo pair of energy current [5]

κKubo(α, γ) := β2

∫ ∞

0

dt e−0+t〈〈JE(δα, t); JE(δγ)〉〉, (15)

where

〈〈JE(δα, t); JE(δγ)〉〉 ≡ −1

β

∫ β

0

dτ〈eτHJE(δα, t)e−τHJE(δγ)〉 − 〈JE(δα, t)〉〈JE(δγ)〉

=
−1

β

∫ β

0

dτ〈eτHeiHtJE(δα)e−iHte−τHJE(δγ)〉

=
−1

β

∫ β

0

dτ〈JE(δα, t− iτ)JE(δγ)〉, (16)

the second term in the first line is ignored due to energy current version of Bloch theorem [6, 7]. Inserting energy-
current in (11), there are two kinds of connnected contractions, i.e.,

〈JE(δα, t− iτ)JE(δγ)〉 = −1

16

∑
p,q

N∑
ijmn

〈
ψ†
ip(t− iτ)(Aα)ijψjp(t− iτ)ψ†

mq(Aγ)mnψnq

〉

=
−1

16

∑
k

∑
ijmn

(
〈ψ†

ik(t− iτ)ψ†
mk〉〈ψjk(t− iτ)ψnk〉+ 〈ψ†

ik(t− iτ)ψnk〉〈ψjk(t− iτ)ψ†
mk〉

)

2 Paraunitarity means
T †
kσ3Tk ≡ σ3, Tkσ3T

†
k ≡ σ3,
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× (Aα)ij(Aγ)mn, (17)

where Aα ≡ [α,Hkσ3Hk]. Thermal average of the occupation number of diagonal basis in (14) gives

〈γ†nkγmk〉 = δmng(εmk), 〈γnkγ†mk〉 = −δmn(1− g(εmk)) ≡ −δm,ng(−εmk),

then from (13)

〈ψ†
ik(t− iτ)ψjk〉 =

∑
k

N∑
m=1

(
g(εmk)(T

†
k)m,i(Tk)j,me

iεmk(t−iτ) − g(−εm,−k)(T
†
k)m+N,i(Tk)j,m+Ne

−iεm,−k(t−iτ)
)
,

〈ψik(t− iτ)ψ†
jk〉 =

∑
k

N∑
m=1

(
−g(−εmk)(Tk)i,m(T †

k)j,me
−iεmk(t−iτ) + g(εm,−k)(Tk)i,m+N (T †

k)m+N,je
iεm,−k(t−iτ)

)
.

It can be easily shown that the other two contractions 〈ψ†
ik(t − iτ)ψ†

jk〉 and 〈ψik(t − iτ)ψjk〉 have exactly the same
result. So the above current-current correlation (17) consists of four parts

〈JE(δα, t− iτ)JE(δγ)〉 = −1

8

∑
k

N∑
m,n=1

{
g(εmk)(Bαk)m,ng(−εnk)(Bγk)nme

i(εmk−εnk)(t−iτ)

− g(εmk)(Bαk)m,n+Ng(εn,−k)Bn+N,me
i(εmk+εn,−k)(t−iτ)

− g(−εm,−k)(Bαk)m+N,ng(−εn,k)Bn,m+Ne
−i(εm,−k+εn,−k)(t−iτ)

+ g(−εm,−k)(Bαk)m+N,n+Ng(εn,−k)Bn+N,m+Ne
−i(εm,−k−εn,−k)(t−iτ)

}
, (18)

where Bαk ≡ T †
kAαTk. Substituting (18) back to (15) and integrate over temperature β and time t, we get (after

some rearrangement)

κKubo(α, γ) =
i

8β

∑
k

N∑
m,n=1

{
(Bαk)mn(Bγk)nm

g(εmk)− g(εnk)

(εmk − εnk)2
− (Bαk)m,n+N (Bγk)n+N,m

g(εmk)− g(−εn,−k)

(εmk + εn,−k)2

− (Bαk)m+N,n(Bγk)n,m+N
g(−εm,−k)− g(εnk)

(εm,−k + εnk)2
+ (Bαk)m+N,n+N (Bγk)n+N,m+N

g(−εm,−k)− g(−εn,−k)

(εm,−k − εn,−k)2

}
.

(19)

Minus signs in (19) can be absorbed by insertion of σ3. Finally we come to the neat expression

κKubo(α, γ) =
i

8β

∑
k

2N∑
mn=1

(σ3)mm(Bαk)mn(σ3)nn(Bγk)nm
g(σ3Ek)mm − g(σ3Ek)nn(
(σ3Ek)mm − (σ3Ek)nn

)2
=

i

8β
β

∫
dz g(z)Tr

{
δ(z − σ3E )σ3Bα

1

(z − σ3E )2
σ3Bγ − 1

(σ3E − z)2
σ3Bαδ(z − σ3E )σ3Bγ

}
=

−β
16π

∫
dz g(z)Tr

{
(G+ −G−)σ3BαG

2
+σ3Bγ − (G+ −G−)σ3BγG

2
−σ3Bα

}
, (20)

where the trace Tr runs over both momentum and N -subband or orbital degree of freedom, Green function

G±(z) :=
1

z − σE ± iδ
,

and we use the representation of Dirac delta function

lim
δ→0

(
1

z − σE + iδ
− 1

z − σE − iδ

)
≡ −2πiδ(z − σ3E ).

Note that although we start from the specific form of two-body operator Aα ≡ [α,Hkσ3Hk], the above derivation
has nothing to do with that. So generally for arbitary equal-time two-body operators Ô1 = ψ†Aψ and Ô2 = ψ†Bψ
(of course with the requirement of Bloch theorem), we have similar results of (20) that

〈〈ψ†Aψ,ψ†Bψ〉〉 = −2

β

∑
k

2N∑
mn=1

(σ3)mm(Ãk)mn(σ3)nn(B̃k)nm
g(σ3Ek)mm − g(σ3Ek)nn
(σ3Ek)mm − (σ3Ek)nn
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=
−2

β

∫
dz g(z)Tr

{
δ(z − σ3E )σ3Ã

1

z − σ3E
σ3B̃ − 1

σ3E − z
σ3Ãδ(z − σ3E )σ3B̃

}
=

1

πiβ

∫
dz g(z)Tr

{
(G+ −G−)σ3ÃG+σ3B̃ +G−σ3Ã(G+ −G−)σ3B̃

}
=

1

πiβ

∫
dz g(z)Tr

{
G+σ3ÃG+σ3B̃ −G−σ3ÃG−σ3B̃

}
, (21)

where again Ã ≡ T †AT .
Paraunitary matrix Tk is annoying here, but fortunately we can absorb them through the identity

T−1
k f(σ3Hk)Tk = f(σ3Ek) (22)

so that for example

Tr
{
G+σ3ÃG+σ3B̃

}
≡
∑
k

Tr
{

1

z − σ3E + iδ
σ3(T

†
kAkTk)

1

z − σ3E + iδ
σ3(T

†
kBkTk)

}
=
∑
k

Tr
{(

T−1
k

1

z − σ3Hk + iδ
Tk

)
σ3(T

†
kAkTk)

(
T−1
k

1

z − σ3Hk + iδ
Tk

)
σ3(T

†
kBkTk)

}
=
∑
k

Tr
{

1

z − σ3Hk + iδ
σ3Ak

1

z − σ3Hk + iδ
σ3Ak

}
.

Therefore (20) and (21) can be written as

κKubo(α, γ) =
−β
16π

∫
dz g(z)Tr

{
(G+ − G−)[α, h

2]G2
+[γ, h

2]− (G+ − G−)[γ, h
2]G2

−[α, h
2]

}
, (23)

〈〈ψ†Aψ,ψ†Bψ〉〉 = 1

πiβ

∫
dz g(z)Tr

{
G+σ3AG+σ3B − G−σ3AG−σ3B

}
, (24)

where h ≡ σ3H, and G± ≡ 1/(z − σ3H ± iδ).

E. Energy Magnetization

Energy Magnetization has a canonical definition as a 1-form valued 2-chain [1, 3] such that

µE
pqr ≡ −β〈〈dHp, J

E
qr〉〉 − β〈〈dHr, J

E
pq〉〉 − β〈〈dHq, J

E
rp〉〉. (25)

After evaluation on 2-cochain we can separate µE(δα ∪ δγ) into two parts

µE(δα ∪ δγ) ≡ 1

3!

∑
pqr

µE
pqr · δα ∪ δγ(p, q, r)

≡ 1

3!

∑
pqr

µE
pqr ·

1

3!

(
δαpqδγqr − δαprδγrq − δαqpδγpr + δαqrδγrp + δαrpδγpq − δαrqδγqp

)
=

1

12

∑
pqr

µE
pqr

(
αpδγqr + αqδrp + αrδγrp

)
≡ −β

12

∑
pqr

(
〈〈dHp; J

E
qr〉〉+ cycle

)(
αpδγqr + cycle

)
=

β

12

∑
pqr

(
〈〈dHp, J

E
qr〉〉+ cycle

)
(αpδγqr + cycle)

=
−β
12

(〈〈∑
p

Hpαp;
∑
qr

JE
qrδγqr

〉〉
+ cycle

)
+

−β
12

∑
pqr

(
〈〈Hp; J

E
qr〉〉(αpδγrp + αrδγpq) + cycle

)
= · · ·

=
−β
2

(
〈〈dH(α); JE(δγ)〉〉 − (α↔ γ)

)
+

−β
6

(∑
pqr

〈〈dHp, J
E
qr〉〉αqγr + cycle

)
≡ PART1 + PART2.

(26)
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For the first part, using (22) we immediately have

〈〈dH(α), JE(δγ)〉〉 =
〈〈

1

4
ψ†(α dH + dHα)ψ; −i

4
ψ†[γ,Hσ3H]ψ

〉〉
=

−1

16πβ

∑
k

∫
dz g(z)Tr

{
G+σ3(α dHk + dHkα)G+σ3[γ,HkσHk]− (G+ ↔ G−)

}
(27)

Using the identity that

G±[σ3H, f ]G± ≡ 1

z − σ3H ± iδ
(σ3Hf − fHσ3)

1

z − σH ± iδ

=

(
−1 +

z

z − σ3H ± iδ

)
f

1

z − σ3H ± iδ
+

1

z − σ3H ± iδ
f

(
1− z

z − σ3H ± iδ

)
≡ [G±, f ],

then

G+σ3α dHG+ ≡
(
αG+ + G+[σ3H,α]G+

)
σ3 dHG+,

G+σ3 dHαG+ ≡ G+σ3 dH
(
G+α− G+[σ3H,α]G+

)
,

and for example

Tr
{
G+σ3(α dHk + dHkα)G+σ3[γ,HkσHk]

}
= Tr

{
G+σ3 dHkG+

(
σ3[γ,Hkσ3Hk]α+ σ3[γ,Hkσ3Hk]G+[σ3Hk, α] + ασ3[γ,Hkσ3Hk]− [σ3Hk, α]G+σ3[γ,Hkσ3Hk]

)}
.

Therefore

PART1 =
1

32π

∫
dzg(z)Tr

{
G+σ3 dHkG+

(
σ3[γ,Hkσ3Hk]α+ σ3[γ,Hkσ3Hk]G+[σ3Hk, α] + ασ3[γ,Hkσ3Hk]

− [σ3Hk, α]G+σ3[γ,Hkσ3Hk]− (α↔ γ)

)
− (G+ ↔ G−)

}
=

1

32π

∫
dzg(z)Tr

{
G+σ3 dHkG+

(
σ3[α,Hkσ3Hk]G+[γ, σ3Hk]− σ3[γ,Hkσ3Hk]G+[α, σ3Hk]

+ [α, σ3Hk]G+σ3[γ,Hkσ3Hk]− [γ, σ3Hk]G+σ3[α,Hkσ3Hk] + Γk

)
− (G+ ↔ G−)

}
, (28)

where

Γk ≡ σ3[γ,Hkσ3Hk]α+ σ3α[γ,Hkσ3Hk]− σ3[α,Hkσ3Hk]γ − σ3γ[α,Hkσ3Hk]. (29)

For the second part, using the on-site current JE
ab in (8), we know∑

ab

JE
abαaγb = − i

8
ψ†
(
αHσ3γH + αHσ3Hγ − γHσ3αH +Hασ3Hγ − γHσ3Hα−Hγσ3Hα

)
ψ ≡ −i

8
ψ†σ3Λψ, (30)

where we explicitly extract σ3 in definition of Λ for further simplification. Thus

PART2 ≡ −β
6

〈〈∑
a

dHa;
∑
bc

JE
bcαbγc

〉〉
+ cycle =

−β
2

〈〈
1

2
ψ† dHψ; −i

8
ψ†σ3Λψ

〉〉
=

1

32π

∫
dzg(z)Tr

{
G+σ3 dHG+Λ− (G+ ↔ G−)

}
. (31)

Because neither 0-cochain α, γ contains a momentum label or sublattice (or orbital d.o.f.) label, they must commutes
with σ3. Thus we can re-express Γ and Λ in a more suggestive form:

Γ ≡ [γ, h2]α+ α[γ, h2]− [α, h2]γ − γ[α, h2], (32)
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Λ ≡ αhγh+ αh2γ − γhαh+ hαhγ − γh2α− hγhα, (33)

where again h ≡ σ3H. Thus in combination of (28) and (31), energy magnetization is

µE(δα ∪ δγ) = 1

32π

∫
dzg(z)Tr

{
G+ dhkG+

(
(Γk + Λk) + [h2k, α]G+[hk, γ] + [hk, α]G+[γ, h

2
k]

− [h2k, γ]G+[hk, α]− [hk, γ]G+[α, h
2
k]

)
− (G+ ↔ G−)

}
= · · ·

=
1

32π

∫
dzg(z)Tr

{
G+ dhkG+

(
[[hk, α], [hk, γ]] + [h2k, α]G+[hk, γ] + [hk, α]G+[γ, h

2
k]

− [h2k, γ]G+[hk, α]− [hk, γ]G+[α, h
2
k]

)
− (G+ ↔ G−)

}
. (34)

F. Transport Thermal Hall Coefficient

Kapustin discussed the appropriate definition on the topological invariant thermal Hall transport coefficient. He
claimed that the transport thermal Hall coefficient, given by temperature integral of 1-form

d
dT

(
κtr(α, γ)

T

)
=

d
dT

(
κKubo(α, γ)

T

)
− 2

T 3
τE(δα ∪ δγ), (35)

where 2-chain τE ≡ −µE(dHp 7→ Hp), is topological only in the sense of path independence of the integral
over parameter space. In other words, one can only tell the relative thermal Hall coefficient to some specific
temperature.

After cancellation of many term on the RHS3 of (35), we are left with (we are interested in finite-temperature
thermal Hall coefficient relative to infinite temperature (assuming vanishing))∫ ∞

T0

d
(
κtr(α, γ)

T

)
=

∫ ∞

T0

dT 1

4πT 3

∫
dz g′(z)z3Tr

{
[h, α]G2

+[h, γ]z
3(G+ − G−)− [h, γ]G2

−[h, γ](G+ − G−)

}
=

1

4π

∫
dz
(∫ u0(z)

∞
u2

d
dug(u)du

)
× Tr

{
[h, α]G2

+[h, γ](G+ − G−)− [h, γ]G2
−[h, γ](G+ − G−)

}
,

(36)

where we use the identity

d
dz g(z) =

−ez/T

T (ez/T − 1)2
≡ −T

z

d
dT g(z)

and change integral variable from T to u ≡ z
T so that∫ ∞

T0

1

T 3

d
dz g(z)dT ≡ −1

z3

∫ u0(z)

∞
u2

d
dug(u)du

=
−1

z3

[
eu0(z)a2

eu0(z) − 1
− 2Li2(eu0(z))− 2a ln(1− eu0(z)) +

2π2

3

]
≡ −2

z3

(
c2(g(z))−

π2

3

)
.

Thus the left work is to simplify the trace

κtr(α, γ)

T

∣∣∣∣∞
T0

=
−1

2π

∫
dz
(
c2(g(z))−

π2

3

)
× Tr

{
[h, α]G2

+[h, γ](G+ − G−)− [h, γ]G2
−[h, γ](G+ − G−)

}
, (37)

3 See my notes for more caluculation details
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where explicitly

Tr{· · · } ≡ −2πi
∑
k

Tr
{
δ(z − σ3H)σ3Vkα

G2
+σ3Vkγ

− δ(z − σ3H)σ3Vkγ
G2
−σ3Vkα

}

= −2πi
∑
k

2N∑
mn

δ(z − (σ3E )mm)

{
(σ3)mm(T †

kVkαTk)mn(G
2
+)nn(σ3)nn(T

†
kVkγTk)nn

− (σ3)mm(T †
kVkγTk)mn(G

2
−)nn(σ3)nn(T

†
kVkαTk)nn

}
. (38)

Only off-diagonal element of operator (T †
kVkf

Tk) contrbute to the asymmetric transport thermal Hall coefficient. So
it can be simplified as following: Because Ek is diagonal,

(T †
kVkf

Tk)mn ≡
{
∂kf

Ek − (∂kf
T †
k)HkTk − T †

kHk(∂kf
Tk)

}
mn

= −
{
(∂kf

T †
k)HkTk + T †

kHk(∂kf
Tk)

}
mn

.

Paraunitarity condition tells us

T †
kσ3Tk ≡ σ3 =⇒

{
∂kf

Tk = −σ3(T †
k)

−1(∂kf
T †
k)σ3Tk,

∂kf
T †
k = −T †

kσ3(∂kf
Tk)T

−1
k σ3.

And using the fact that

σ3Hkσ3 = Tkσ3T
†
kHkTkσ3T

†
k = Tkσ3Ekσ3T

†
k = TkEkT

†
k,

one immediately obtains

(T †
kVkf

Tk)mn =


[
(σ3Ek)mm − (σ3Ek)nn

](
(∂kf

T †
k)σ3Tk

)
mn

,[
(σ3Ek)nn − (σ3Ek)mm

](
T †
kσ3(∂kf

Tk)

)
mn

.

(39)

Inserting (39) back into (38) and (37) and performing the integral of Dirac delta function (note that the square of
((σ3Ek)mm − (σ3Ek)nn) cancel exactly either G2

+ or G2
−), we finally get

0− κtr(α, γ)

T0
= i
∑
k

∑
mn

(
c2(g((σ3E )mm))− π2

3

)
×
{
(σ3)mn

(
(∂kα

T †
k)σ3Tk

)
mn

(σ3)nn

(
T †
kσ3(∂kγ

Tk)

)
nm

− (α↔ γ)

}

= i
∑
k

2N∑
m

(
c2(g(εmk))−

π2

3

)
Tr
{
Γmσ3

∂T †
k

∂kα
σ3
∂Tk
∂kγ

− (α↔ γ)

}
≡ −

∑
k

2N∑
m

(
c2(g(εmk))−

π2

3

)
Ωmk,

(40)

which is unsurprisingly the same as the result in [2]. In the last line we recognize the integral of the trace part as
Berry curvature of the magnon mth-bands by introducing the projection operator

P̂m ≡ ΓmTkσ3T
†
kσ3,

so that by [8]

cm =
1

2π

∫
BZ

Tr
{
P̂m dP̂m ∧ dP̂m

}
. (41)

where Γm is a diagonal matrix taking +1 for the mth diagonal component and zero otherwise [9].

II. APPLICATION TO TOPOLOGICAL SUPERCONDUCTORS?
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